Published by Institute of Physics Publishing for SISSA Received: March 3, 2005 Accepted: April 22, 2005 Published: May 24, 2005

Inherited twistor-space structure of gravity amplitudes

Zvi Bern

Department of Physics, University of California at Los Angeles Los Angeles, CA 90095, U.S.A. E-mail: bern@physics.ucla.edu

Niels Emil Jannik Bjerrum-Bohr, David C. Dunbar

Department of Physics, University of Wales Swansea Swansea, SA2 8PP, U.K.

E-mail: n.e.j.bjerrum-bohr@swan.ac.uk, bjbohr@nbi.dk

Abstract: At tree-level, gravity amplitudes are obtainable directly from gauge theory amplitudes via the Kawai, Lewellen and Tye closed-open string relations. We explain how the unitarity method allows us to use these relations to obtain coefficients of box integrals appearing in one-loop N = 8 supergravity amplitudes from the recent computation of the coefficients for N = 4 super-Yang-Mills non-maximally-helicity-violating amplitudes. We argue from factorisation that these box coefficients determine the one-loop N = 8 supergravity amplitudes, although this remains to be proven. We also show that twistorspace properties of the N = 8 supergravity amplitudes are inherited from the corresponding properties of N = 4 super-Yang-Mills theory. We give a number of examples illustrating these ideas.

Keywords: Models of Quantum Gravity, Supergravity Models.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep052005056.pdf /jhep052005056.pdf

Contents

1. Introduction 1

2. The Kawai-Lewellen-Tye relations 3

3. Unitarity method 4

4. Gauge theory results 6 4.1 MHV amplitudes 6 4.2 NMHV amplitudes 7

5. Structure of one-loop gravity amplitudes 9

6. Constructing supergravity amplitudes from super-Yang-Mills amplitudes 11 6.1 Six-graviton NMHV amplitudes 11 6.2 Sample seven- and eight-point box coefficients 16 6.3 A sample gravity n-point coefficient 17

7. Twistor-space structure of gravity tree amplitudes 18

8. Twistor-space structure of gravity box coefficients 20

9. Conclusions 24

1. Introduction

Scattering amplitudes in gravity theories are closely related to those of gauge theory. At tree level there exists a set of general relations expressing gravity tree amplitudes as sums of products of gauge theory ones. These relations follow from the low energy limit of the Kawai-Lewellen-Tye (KLT) relations between open and closed string theory amplitudes [1 – 3]. In this limit the string relations reduces to relations for effective field theories of gravity [4, 5]. Moreover, in the low energy limit these relations do not require the existence of an underlying consistent string theory and hold in any dimensions or massless matter contents [6]. The relations also hold for large classes of higher dimension operators in the effective field theory [7].

At loop level, the standard methods for constructing amplitudes via Feynman rules provide no obvious means of exploiting the KLT relations. An alternative is provided by the unitarity method of Dixon, Kosower and two of the authors [8 – 11]. This method is

– 1 – ideal for exploiting the KLT relations at loop level, since the method obtains loop amplitudes directly from tree amplitudes, which do satisfy the KLT relations. More generally when coupled with the KLT relations, the unitarity method allows advances in gauge theory loop calculations to be carried over to gravity calculations. These ideas have been used to compute the MHV amplitudes of pure gravity [12] and N = 8 supergravity [13] and to demonstrate that N = 8 supergravity [14] is less divergent in the ultraviolet than had been expected [15, 16] previously. Recently, there have been significant advances in gauge theory computations, stimulated by Witten’s proposal of a twistor-space topological string theory [17 – 22] as a candidate for a weak-weak duality to maximally supersymmetric gauge theory. This string theory generalises Nair’s earlier description [23] of the simplest gaugetheory amplitudes. The twistor-space structure of the amplitudes implies that gauge theory amplitudes are simpler than had been suspected previously. In particular, for massless gauge theories, Cachazo, Svrček and Witten (CSW) [24] have presented a set of new computational rules for scattering amplitudes, in terms of “MHV vertices” inspired by the twistor space structure. Other simple versions of tree amplitudes may be found in ref. [25 – 30].

At loop level, a direct topological-string approach appears to be problematic because of the appearance of non-unitary states from conformal supergravity [31]. Nevertheless, significant progress has been accomplished at loop level by more direct means. An important step, clarifying the structure of loop amplitude, is the computation by Brandhuber, Spence and Travaglini [32] of the N = 4 MHV amplitudes using MHV vertices. Since then there has been rapid progress in obtaining amplitudes in N = 4 and N = 1 theories [33 – 37, 27, 38 – 43], including the recent computation of all N = 4 next-to-MHV (NMHV) one-loop amplitudes [28] and the next-to-next-to-MHV (N^2MHV) box coefficient [30]. These calculations rely on the four-dimensional cut constructibility of the amplitudes [8, 9] and on the knowledge of having a basis of dimensionally regularised integrals [44]. An important recent development, enhancing the power of the unitarity method, is the observation by Britto, Cachazo and Feng [30] that box integral coefficients can be obtained from generalised unitarity cuts [45, 46, 11, 27] by solving the on-shellness constraints in signature (− − ++).

The situation with gravity is less clear. As explained in Witten’s original paper [17], gravity amplitudes will have a derivative of a δ-function support rather than a simple δfunction support on degenerate curves in twistor space. This apparently complicates their structure, preventing the construction of MHV vertices for gravity amplitudes [47, 48]. Nevertheless, the KLT relations provide direct means for obtaining gravity tree amplitudes from any newly computed gauge theory tree amplitudes.

In this paper, we follow the logic of refs. [15, 12, 13], and use the unitarity method to carry over the recent gauge theory advances to quantum gravity. At one loop, supergravity is ultraviolet finite, so we do not have to concern ourselves with issues of nonrenormalisability. In ref. [15] Dixon, Perelstein, Rozowsky and two of the authors observed that for four-point N = 8 supergravity, the coefficients of integral functions are proportional to products of gauge theory integral coefficients. In this paper we generalise this notion to the box coefficient of any one-loop gravity amplitude and show that in general the box integral coefficients can be expressed in terms of products of box coefficients appearing in the gauge theory. This relation between box integral coefficients holds in any theory (assuming

– 2 – we are working in a basis of only D = 4 − 2ϵ integral functions) and does not rely on the four-dimensional cut constructibility of the theory. The case we consider here explicitly is N = 8 supergravity. The MHV amplitudes of this theory have been worked out in ref. [13].

Although the N = 8 theory does not appear to satisfy the power counting criterion required for four-dimensional cut constructibility, we argue that the four-dimensional cuts determine the one-loop amplitudes, as suggested by their factorisation properties. Moreover, we expect that one-loop N = 8 amplitudes are composed solely of the box integral functions. This may seem rather surprising, given the apparent violation of the cut-constructibility power-counting criterion. However, in ref. [13], explicit computations proved that up to six points in the MHV case, this miracle indeed happens. Furthermore, as argued in that reference, the factorisation properties suggests that these miracles should continue as the number of external legs increases. Here we apply the same logic to argue that even for non-MHV amplitudes we do not expect triangle, bubble or additional rational functions to appear in any N = 8 one-loop amplitude. If true, with this ansatz we can obtain full N = 8 one-loop amplitudes rather directly from corresponding N = 4 super-Yang-Mills amplitudes, by relating the N = 8 supergravity box coefficients to the N = 4 super-Yang-Mills box coefficients.

We also use the explicitly computed results to explore the twistor-space structure of gravity amplitudes at both tree and loop level. Not too surprisingly, given the close relationship of gravity and gauge theory amplitudes, we find that the gauge theory twistor properties induce closely corresponding twistor properties on gravity amplitudes. The key difference, as already observed by Witten, is instead of δ-function support, twistor-space gravity amplitudes have a derivative of a δ-function support. At tree-level the twistor properties follow directly from analysing the amplitudes obtained via the KLT relations. At loop level we combine the unitarity method with the KLT relations in order to deduce the twistor-space properties of the coefficients of box integrals in gravity theories.

2. The Kawai-Lewellen-Tye relations

Gravity amplitudes can be constructed through the KLT-relations which connects the amplitudes for closed and open strings. The general n-point scattering amplitude for a closed string is connected to that of the open string through the following formula [1]:

M^{(closed string)} n ∼ � Π, Π̃

e^{iπΦ(Π, Π̃)} A^{left (open string)} n (Π)A^{right (open string)} n (Π̃) , (2.1)

where Π(1, 2, . . . , n) and Π̃(1, 2, . . . , n) are sets of the external lines of the open string modes associated with particular cyclic orderings. At infinite string tension, (α^′ −→ 0) the KLT-relationship relates the field theory tree amplitudes of Yang-Mills theory and gravity. In ref. [7] this was extended also to higher derivative effective field theories of gravity.

The explicit form of the KLT-relationship up to six points at α^′ = 0 is,

M^{tree}_3 (1, 2, 3) = −iA^{tree}_3 (1, 2, 3)A^{tree}_3 (1, 2, 3) , M^{tree}_4 (1, 2, 3, 4) = −is_{12}A^{tree}_4 (1, 2, 3, 4)A^{tree}_4 (1, 2, 4, 3) ,

– 3 –

M^{tree}_5 (1, 2, 3, 4, 5) = is_{12}s_{34} A^{tree}_5 (1, 2, 3, 4, 5)A^{tree}_5 (2, 1, 4, 3, 5) + +is_{13}s_{24} A^{tree}_5 (1, 3, 2, 4, 5)A^{tree}_5 (3, 1, 4, 2, 5) , M^{tree}_6 (1, 2, 3, 4, 5, 6) = −is_{12}s_{45} A^{tree}_6 (1, 2, 3, 4, 5, 6)(s_{35} A^{tree}_6 (2, 1, 5, 3, 4, 6) + + (s_{34} + s_{35}) A^{tree}_6 (2, 1, 5, 4, 3, 6)) + +P(2, 3, 4) , (2.2)

where s_{ij} = (k_i +k_j)^2, P(2, 3, 4) represents the sum over permutations of legs 2, 3, 4 and the A^{tree}_n are tree-level colour-ordered gauge theory partial amplitudes [49 – 51]. The complete gauge theory amplitudes are obtained by multiplying these by the colour structures and by summing over permutations. In general throughout the paper, gauge theory amplitudes will be denoted by A and gravity ones by M. The KLT relations have been explicitly presented for an arbitrary number of legs [13] and these combine to give the full amplitudes via,

M^{tree}_n (1, 2, . . . , n) = � κ 2 �_{(n−2)}

M^{tree}_n (1, 2, . . . , n) , (2.3)

A^{tree}_n (1, 2, . . . , n) = g^{(n−2)} � σ∈S_n/Z_n

Tr (T^{aσ(1)} T^{aσ(2)} · · · T^{aσ(n)} ) A^{tree}_n (σ(1), σ(2), . . . , σ(n)) ,

where S_n/Z_n is the set of all permutations, but with cyclic rotations removed. The T^{ai} are fundamental representation matrices for the Yang-Mills gauge group SU(N_c), normalised so that Tr(T^aT^b) = δ^{ab}. (For more detail on the tree and one-loop colour ordering of gauge theory amplitudes see refs. [49, 51].)

3. Unitarity method

In the unitarity-based method, loop amplitudes are constructed from tree amplitudes by considering the various cases where internal propagators go on shell. Letting two propagators go on shell is equivalent to evaluating a phase space integral over products of tree amplitudes,

C_{i,...,j} ≡ i 2 � dLIPS � A^{tree}(ℓ_1, i, i + 1, . . . , j, ℓ_2)A^{tree}(−ℓ_2, j + 1, j + 2, . . . , i − 1, −ℓ_1) � . (3.1)

This phase space integral gives the discontinuity of the amplitude in the cut channel. In general, we may expand the amplitude as sum of dimensionally regularized integral functions with rational coefficients [8, 9, 44],

A^{1-loop} = � a ĉ_aI_a . (3.2)

We may then obtain the rational coefficients c_a from the cuts of the one-loop amplitude

Im_{Ki,...,j >0} A^{1-loop} = � a ĉ_a Im_{Ki,...,j >0}(I_a) , (3.3)

and their generalizations [8 – 11, 46, 11, 27, 30].

– 4 –

We will use two representations of the integral functions. Firstly, the scalar box integrals, I, as defined in ref. [44] and secondly the rescaled box-functions denoted F ,

I_4 = 1 D F , (3.4)

where D is a kinematic denominator quadratic in momentum invariants. Explicitly, from ref. [8],

I^{1m}_{4:i} =

(−2r_Γ )F^{1m}_{n:i}

t^{[2]}_{i−3} t^{[2]}_{i−2}

, I^{2me}_{4:r;i} =

(−2r_Γ )F^{2m e}_{n:r;i} t^{[r+1]}_{i−1} t^{[r+1]}_i − t^{[r]}_i t^{[n−r−2]}_{i+r+1}

, I^{2mh}_{4:r;i} =

(−2r_Γ )F^{2m h}_{n:r;i} t^{[2]}_{i−2} t^{[r+1]}_{i−1} ,

I^{3m}_{4:r,r}′_{,i} =

(−2r_Γ )F^{3m}_{n:r,r}′_{;i} t^{[r+1]}_{i−1} t^{[r+r′]}_i − t^{[r]}_i t^{[n−r−r ′−1]}

i+r+r^′

, I^{4m}_{4:r,r}′_{,r}′′_{,i} =

(−2r_Γ )F^{4m}_{n:r,r}′_{,r}′′_{;i} t^{[r+r′]} i t^{[r′+r′′]} i+r ρ

, (3.5)

where we use the notation of that reference. In particular, t^{[r]}_i = (k_i + · · · + k_{i+r−1} )^2. (See the first appendix of ref. [8] for definitions and a more detailed description of the integral functions.) We shall use ĉ_a for coefficients of I and c_a for coefficients of F . We can move between the two representation using

ĉ_a = c_aD , (3.6)

where the kinematic denominator D for each type of integral may be read off by comparing eq. (3.4) and eq. (3.5).

One-loop massless amplitudes, which satisfy the power counting criterion that n-point Feynman integrals have no more than n − 2 powers of loop momenta in their numerators, can be obtained directly from four-dimensional tree amplitudes [9]. Hence, when this criterion is satisfied, one may fix all rational functions appearing in the amplitudes directly from the terms which contain cuts in four dimensions. We refer to such amplitudes as “cut-constructible”. Supersymmetric gauge theory amplitudes, in particular, satisfy this criterion and in the case of N = 4 super-Yang-Mills theory, the amplitude is expressible entirely as a linear combination of box integral functions [8].

A key property that allows us to relate the coefficients of box integrals in the N = 4 super-Yang-Mills theory to those of N = 8 supergravity is that the coefficients of the integrals can be determined by purely algebraic means starting from the unitarity cuts. The integral reduction method of van Neerven and Vermaseren [52] is an example of a reduction formalism with the property that in a given cut we may algebraically link the coefficients of the integrals to the original expressions for the cuts. Alternatively, it is more convenient to use generalised cuts [45, 46, 11, 27], where multiple propagators go on shell. Using the recent observation [30], that box integral coefficients can be directly obtained algebraically from generalised quadruple cuts one can straightforwardly solve for the coefficients. Since a given generalised quadruple cut selects out a unique box integral function, we may relate gravity and Yang-Mills coefficients via the KLT tree level relations, since the cuts are expressed in terms of tree amplitudes. Specifically, if weconsider an

– 5 – amplitude containing the scalar box integral function shown in

i_7 i_8 • i_6 i_5 i_3 i_4 i_2 i_1

•

• • ℓ_1

ℓ_4 ℓ_3 ℓ_2

Figure 1: A quadruple cut of a n-point amplitude. The dashed lines represent the cuts. The dot represents an arbitrary number of external line insertions.

figure 1, then the coefficient of this function is given by the product of the four tree amplitudes where the cut legs fully satisfy on-shell conditions [30],

ĉ = 1 2 � S � A^{tree}(ℓ_1, i_1, . . . , i_2, ℓ_2) × A^{tree}(ℓ_2, i_3, . . . , i_4, ℓ_3) × (3.7)

× A^{tree}(ℓ_3, i_5, . . . , i_6, ℓ_4) × A^{tree}(ℓ_4, i_7, . . . , i_8, ℓ_1) � , where S indicates the set of helicity configurations of the legs ℓ_i which give a non-vanishing product of tree amplitudes. Employing signature (− − ++) or complex momenta is useful in this context because it allows one to use this formula even when one of the tree amplitudes is a three-point amplitude: In Minkowski signature with real momenta such on-shell tree amplitudes vanish.

4. Gauge theory results

In this section we will collect various results in N = 4 gauge theory that we use in section 6 to obtain gravity one-loop amplitudes.

4.1 MHV amplitudes

The N = 4 MHV amplitudes are remarkably simple and were first calculated in ref. [8]. They have also been re-computed using twistor-inspired methods [32, 36] and are given by simple linear combinations of box integral functions,

A^{N =4 MHV} n;1 = r̂_Γ A^{tree}_n × V^g_n . (4.1)

The factor V^g_n (n ≥ 5) depends on whether n is odd (n = 2m + 1) or even (n = 2m),

(μ^2)^{−ϵ} V^g_{2m+1} = m−1� r=2 n� i=1 F^{2m e}(s_{i...(i+r)}, s_{(i−1)...(i+r−1)} , s_{i...(i+r−1)} , s_{(i+r+1)...(i−2)} ) +

+ n� i=1 F^{1m}(s_{i−3,i−2} , s_{i−2,i−1} , s_{i...(i−4)} ) ,

(μ^2)^{−ϵ} V^g_{2m} = m−2� r=2 n� i=1 F^{2m e}(s_{i...(i+r)}, s_{(i−1)...(i+r−1)} , s_{i...(i+r−1)} , s_{(i+r+1)...(i−2)} ) +

+ n� i=1 F^{1m}(s_{i−3,i−2} , s_{i−2,i−1} , s_{i...(i−4)} ) + (4.2)

+ n/2� i=1 F^{2m e}(s_{i...(i+m−1)} , s_{(i−1)...(i+m−2)} , s_{i...(i+m−2)} , s_{(i+m)...(i−2)} ) .

– 6 –

3^− 4^+

5^+

6^+ 1^− 2^−

NON-SINGLET:_+^− − + + − − + SINGLET:

3^− 4^+

5^+

6^+ 1^− 2^− + − − + + − + −

Figure 2: The non-singlet and singlet contributions to a two-mass hard box integral. The dashed line indicates the cut to which the singlet and non-singlet description refer.

using the box integral functions F as defined in eq. (3.5) and given in the first appendix of ref. [8]. In the above

r̂_Γ = 1 (4π)^{2−ϵ} r_Γ = 1 (4π)^{2−ϵ}

Γ(1 + ϵ)Γ^2(1 − ϵ) Γ(1 − 2ϵ)

, (4.3)

is a prefactor. Because of the dimensional regulator, an overall factor of (μ^2)^ϵ enters where μ is an arbitrary scale.

4.2 NMHV amplitudes

First we consider the six-gluon amplitudes of N = 4 super-Yang-Mills theory. These amplitudes were calculated in ref. [9]. We collect these results here, since we will use them in section 6 to obtain the corresponding N = 8 supergravity amplitudes. There are three independent NMHV super-Yang-Mills partial amplitudes. Since the leading colour gauge theory amplitudes are colour-ordered we need only consider one cyclic ordering. (Subleading colour partial amplitudes may be obtained from the leading ones, by summing over appropriate permutations [8]).

In general, the six-point box coefficients are of the form [9],

c = c_{NS} + c_S , (4.4)

where the two terms arise from different helicity structures in the cuts three-particle channels, as illustrated in figure 2. (In one case below one of the two terms vanishes.) A six-point box has only one of its cuts in a three-particle channel. The cut in the three particle channel may be divided into “singlet” and “non-singlet” contributions as shown in figure 2. The coefficient c_{NS} represents the non-singlet contribution and c_S the singlet contribution. The singlet term corresponds to the two cut legs having the same helicity on one side of the cut. The singlet terms thus has contributions only from gluons crossing the cut. The non-singlet term has its cut legs having opposite helicity on one side of the cut. For this configuration all terms in the N = 4 multiplet contribute.

– 7 –

First consider the amplitude, A_6(1^− , 2^− , 3^− , 4^+, 5^+, 6^+). In this case, there will be a total of twelve non-vanishing integral coefficients. In this case many of the coefficients are equal to each other,

c^{(1− 2− 3− )4+5+6+} = c^{(4+5+6+)1− 2− 3−} = c^{(2− 3− )(4+5+)6+1−} = c^{(5+6+)(1− 2− )3− 4+} = B_1 , c^{(2− 3− 4+)5+6+1−} = c^{(5+6+1− )2− 3− 4+} = c^{(3− 4+)(5+6+)1− 2−} = c^{(6+1− )(2− 3− )4+5+} = B_2 , c^{(3− 4+5+)6+1− 2−} = c^{(6+1− 2− )3− 4+5+} = c^{(4+5+)(6+1− )2− 3−} = c^{(1− 2− )(3− 4+)5+6+} = B_3 , (4.5)

where the plus and minus labels on the legs refer to the helicity labels in an all outgoing convention. For B_1 the non-singlet contribution vanishes whilst for the other two they are a sum on non-singlet and singlet contributions. From ref. [9], the explicit values are,

B_1 = i

(K^2)^3 [1 2] [2 3] ⟨4 5⟩ ⟨5 6⟩ ⟨1^+|K|4^+⟩⟨3^+|K|6^+⟩

, K = K_{123} ,

B_2 = � ⟨4^+|K|1^+⟩

K^2

�_4 B_1|_{j→j+1} + � ⟨2 3⟩ [5 6] K^2

�_4

B^†_1|_{j→j+1} , K = K_{234} ,

B_3 = � ⟨6^+|K|3^+⟩

K^2

�_4 B_1|_{j→j−1} + � ⟨1 2⟩ [4 5] K^2

�_4

B^†_1|_{j→j−1} , K = K_{345} . (4.6)

where the gluon polarisation tensors have been expressed in a spinor helicity [53, 49] basis. In this formalism amplitudes are expressed in terms of spinor inner-products,

⟨j l⟩ = ⟨j^− |l^+⟩ =ū_− (k_j )u_+(k_l) , [j l] = ⟨j^+|l^− ⟩ =ū_+(k_j )u_− (k_l) , (4.7)

where u_± (k) is a massless Weyl spinor with momentum k and plus or minus chirality. With the normalisation used here, [i j] = sign(k^0_i k^0_j ) ⟨j i⟩^∗ so that,

⟨i j⟩ [j i] = 2k_i · k_j = s_{ij} . (4.8)

(Note that [i j] defined in this way differs by an overall sign from the notation commonly used in twistor-space studies [17].)

For A^{N =4}_{6;1} (1^− , 2^− , 3^+, 4^− , 5^+, 6^+), the box coefficients are,

c^{(1− 2− 3+)4− 5+6+} = c^{(4− 5+6+)1− 2− 3+} = c^{(2− 3+)(4− 5+)6+1−} = c^{(5+6+)(1− 2− )3+4−} = D_1 , c^{(2− 3+4− )5+6+1−} = c^{(5+6+1− )2− 3+4−} = c^{(3+4− )(5+6+)1− 2−} = c^{(6+1− )(2− 3+)4− 5+} = D_2 , c^{(3+4− 5+)6+1− 2−} = c^{(6+1− 2− )3+4− 5+} = c^{(4− 5+)(6+1− )2− 3+} = c^{(1− 2− )(3+4− )5+6+} = D_3 , (4.9)

where

D_1 = � ⟨3^+|K|4^+⟩ K^2

�_4

B_1 + � ⟨1 2⟩ [5 6] K^2

�_4 B^†_1 , K = K_{123} ,

D_2 =

�_{⟨3+|K|1+⟩}

K^2

�_4 B_1|_{j→j+1} +

�_{⟨2 4⟩[5 6]}

K^2

�_4 B^†_1|_{j→j+1} , K = K_{234} ,

D_3 =

�_{⟨6+|K|4+⟩}

K^2

�_4 B_1|_{j→j−1} +

�_{⟨1 2⟩[3 5]}

K^2_{345}

�_4 B^†_1|_{j→j−1} , K = K_{345} . (4.10)

– 8 –

Finally, for A^{N =4}_{6;1} (1^− , 2^+, 3^− , 4^+, 5^− , 6^+),

c^{(1− 2+3− )4+5− 6+} = c^{(4+5− 6+)1− 2+3−} = c^{(2+3− )(4+5− )6+1−} = c^{(5− 6+)(1− 2+)3− 4+} = G_1 , c^{(2+3− 4+)5− 6+1−} = c^{(5− 6+1− )2+3− 4+} = c^{(3− 4+)(5− 6+)1− 2+} = c^{(6+1− )(2+3− )4+5−} = G_2 , c^{(3− 4+5− )6+1− 2+} = c^{(6+1− 2+)3− 4+5−} = c^{(4+5− )(6+1− )2+3−} = c^{(1− 2+)(3− 4+)5− 6+} = G_3 , (4.11)

where

G_1 = � ⟨2^+|K|5^+⟩ K^2

�_4

B_1 + � ⟨1 3⟩ [4 6] K^2

�_4

B^†_1 , K = K_{123} ,

G_2 =

�_{⟨6+|K|3+⟩}

K^2

�_4 B^†_1|_{j→j+1} +

�_{⟨5 1⟩[2 4]}

K^2

�_4 B_1|_{j→j+1} , K = K_{234} ,

G_3 =

�_{⟨4+|K|1+⟩}

K^2

�_4 B^†_1|_{j→j−1} +

�_{⟨3 5⟩[6 2]}

K^2

�_4 B_1|_{j→j−1} , K = K_{345} . (4.12)

Recently, the complete expression for all NMHV amplitudes in N = 4 super-Yang- Mills theory have been obtained using the unitarity method [28]. We will use the results of that paper to construct some examples of n-point box coefficients in the N = 8 theory with n > 6.

5. Structure of one-loop gravity amplitudes

For simplicity, in the forthcoming equations we will define one-loop amplitudes in gravity for which all field couplings have been removed, i.e.,

M^{1-loop}_n = � κ 2 �_n M^{1-loop} n (1, 2, . . . , n) . (5.1)

In gravity theories, the three graviton vertex contains two powers of momenta. A generic npoint diagram will involve a loop momenta integral where the polynomial on the numerator is, in general, of degree 2n in loop momenta. In N = 8 supergravity, there are cancellations between the contributions of different particle types, and in a suitable formulation the polynomial is only of degree 2n − 8 in the loop momenta. (See, for example, the “String Based Method” [54, 55] where the cancellation is explicit in terms of Feynman parameters.) Recall, amplitudes are cut-constructible if the loop momenta polynomial is of degree ≤ n−4 and thus we would not expect N = 8 supergravity amplitudes to be cut constructible for n > 6. The Passarino-Veltman [56] reduction, decreases a polynomial of degree r in a n-point integral to a box integral with polynomial degree r − (n − 4). Hence for n > 4 we would a priori expect tensor box integrals reduced to scalar boxes plus triangle and bubble integrals.

However, as demonstrated in ref. [13], the one-loop MHV amplitudes of N = 8 supergravity do have a much better power behaviour than expected and appear to satisfy the cut constructibility criterion. This was demonstrated through six points by direct calculation and argued to hold for all n based on the factorisation properties. Even more surprisingly the N = 8 supergravity amplitudes appear to obey precisely the same power

– 9 – counting as those of N = 4 super-Yang-Mills theory, i.e., for an n-point integral there are n − 4 powers of loop momentum. This power counting behaviour is reflected in the lack of triangle, bubble or additional rational function contributions to MHV N = 8 supergravity amplitudes.

We do not have a proof that this feature holds more generally for non-MHV amplitudes. However, we conjecture that it does hold generally for N = 8 one-loop amplitudes, using arguments involving the factorisation properties of the amplitudes. Examining their various factorisations, we find no evidence requiring integral functions other than boxes to be present in the one-loop amplitudes. In particular since the NMHV amplitudes can be reduced to MHV amplitudes in various factorisation limits either the non-box functions must all vanish in all such limits or, more likely, be absent in NMHV amplitudes.

More explicitly, consider the multi-particle factorisations. From general field theory considerations, amplitudes must factorise (up to subtleties having to do with infrared singularities) on multi-particle poles. For K^μ ≡ k^μ_i + . . . + k^μ_{i+r+1} the amplitude factorises when K becomes on shell. Specifically, as K^2 → 0 the factorisation properties for one-loop infrared singular amplitudes are described by [57],

M^{1-loop} n;1 K^2→0−→ � λ=± � M^{1-loop}

r+1;1 (ki, . . . , ki+r−1 , K λ ) i K^2

M^{tree}_{n−r+1} ((−K)^{−λ} , k_{i+r}, . . . , k_{i−1} ) +

+ M^{tree}_{r+1} (k_i, . . . , k_{i+r−1} , K^λ ) i K^2

M^{1-loop}

n−r+1;1 ((−K)

−λ , k_{i+r}, . . . , k_{i−1} ) +

+ M^{tree}_{r+1} (k_i, . . . , k_{i+r−1} , K^λ ) × × i K^2

M^{tree}_{n−r+1} ((−K)^{−λ} , k_{i+r}, . . . , k_{i−1} ) r̂_Γ F_n(K^2; k_1, . . . , k_n) � , (5.2)

where the one-loop “factorisation function” F_n is independent of helicities. Consider the multi-particle factorisation of a NMHV amplitude. In general, the two factorised amplitudes appearing on either side of the pole will be MHV amplitudes, since supersymmetry requires all amplitudes with less than two negative helicities to vanish. From ref. [13] we know that the one-loop MHV amplitudes should not contain triangle of bubble integrals. Therefore, in all multi-particle factorisation limits we cannot encounter these integral functions. Moreover, in any soft or collinear limit which reduces negative helicities by one, there can be no triangle or bubble functions. One can continue this bootstrap adding increasing numbers of negative helicities. Although this does not constitute a proof that triangle and bubble integrals cannot appear we know of no counterexample, with six or higher points, where a factorisation bootstrap has failed to produce the correct result. In this case, the result is that bubble and triangle integrals should not appear in one-loop N = 8 supergravity amplitudes. In the remaining part of the paper we will assume that:

The only non-vanishing integral functions in N = 8 one-loop amplitudes are scalar box integral functions.

– 10 –

Thus, we write the N = 8 one-loop amplitudes as

i_7 i_8 • i_6 i_5 i_3 i_4 i_2 i_1

•

• •

Figure 3: The labels corresponding to a box coefficient. In the gravity case there is no ordering imposed on the legs.

M^{N =8}_n = ir̂_Γ (μ^2)^ϵ � c^{(i1 ...i2)(i3 ...i4)(i5 ...i6)(i7 ...i8)}

N =8 ×

×F_{(i1...i2)(i3 ...i4)(i5 ...i6)(i7 ...i8)} , (5.3)

where the sum runs over all inequivalent box functions. The F_{(i1 ...i2)(i3 ...i4)(i5 ...i6)(i7 ...i8)} are dimensionally regulated box functions: although supergravity theories are one-loop ultraviolet finite in four dimensions the amplitudes contain infrared infinities requiring regularisation. The c^{(i1...i2)(i3...i4)(i5...i6)(i7...i8)}

N =8 are the

kinematic coefficients, where the parenthesis indicate which legs belong in a cluster as illustrated in figure 3. In the gravity case, in contrast to the gauge theory case, the legs may appear in any ordering, since there is no colour ordering.

6. Constructing supergravity amplitudes from super-Yang-Mills amplitudes

In this section, we obtain the box-coefficients of gravity amplitudes using the KLT relations and the solutions for the Yang-Mills amplitudes. As examples, we will obtain all the box coefficients of the six-graviton amplitude in N = 8 supergravity, as well as a few selected coefficients at seven, eight and n points. The MHV n-point amplitude have been previously been obtained in ref. [13], so here we focus on NMHV amplitudes. We also discuss one N^2MHV example at eight points.

6.1 Six-graviton NMHV amplitudes

In this subsection, we obtain the box-coefficients of the NMHV N = 8 six-graviton amplitude in terms of the, known, box coefficients of N = 4 super-Yang-Mills, collected in section 4.2. There are three independent NMHV amplitudes in Yang-Mills depending on the positions of the three negative legs: A(1^− 2^− 3^− 4^+5^+6^+), A(1^− 2^− 3^+4^− 5^+6^+) and A(1^− 2^+3^− 4^+5^− 6^+). In gravity, on the other hand, there is no colour ordering and hence a single distinct amplitude: M(1^− 2^− 3^− 4^+5^+6^+). The box-coefficients of the gravity amplitude will be expressible in terms of the box coefficients of the three Yang-Mills amplitudes. For six-point amplitudes, there are three possible scalar box structures in the amplitude: the “single-mass”, “two-mass-hard” and “two-mass-easy” boxes. (See, e.g., the first appendix of ref. [9], for definitions of these functions in the euclidean region.) Of these only the first two contribute to the super-Yang-Mills six-gluon NMHV amplitude. This property is immediately “inherited” by the gravity case. If we evaluate the appropriate generalised cut and express the gravity amplitudes in terms of Yang-Mills we immediately find that the gravity coefficient vanishes whenever the corresponding super-Yang-Mills coefficient vanishes. For the “two-mass-hard” coefficients there are total of 45 independent boxes all

– 11 – of which appear in the amplitude. These can be split into four distinct cases depending on the position of the three negative legs,

I^{(−−),(++),+−} , I^{(−−),(++),−+} , I^{(−−),(−+),++} , I^{(−+),(−+),−+} . (6.1)

All other coefficients of two-mass-hard boxes are obtained by symmetry and parity conjugation.

Taking the first case it is straightforward to show that only a single helicity configuration of the internal lines contributes to the quadruple cut

1^− 6^+

2^−

3^− 4^+ 5^+ − + + − − + − + ℓ_1

ℓ_6 ℓ_5 ℓ_3

In this case, gravitons are the only possible states when all cut conditions are imposed. The coefficient of the box function is thus

ĉ^{(2− 3− )(4+5+)6+1−}

N =8 = 1 2 M^{tree}(2^− , 3^− , −ℓ^+_1 , ℓ^+_3 ) × M^{tree}(4^+, 5^+, −ℓ^−_3 , ℓ^−_5 ) ×

×M^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 ) × M^{tree}(1^− , −ℓ^+_6 , ℓ^−_1 ) × = 1 2 s_{23}A^{tree}(2^− , 3^− , −ℓ^+_1 , ℓ^+_3 )A^{tree}(3^− , 2^− , −ℓ^+_1 , ℓ^+_3 ) ×

×s_{45}A^{tree}(4^+, 5^+, −ℓ^−_3 , ℓ^−_5 )A^{tree}(5^+, 4^+, −ℓ^−_3 , ℓ^−_5 ) × ×A^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 )A^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 ) × ×A^{tree}(1^− , −ℓ^+_6 , ℓ^−_1 )A^{tree}(1^− , −ℓ^+_6 , ℓ^−_1 ) = 1 2 s_{23}s_{45} × � A^{tree}(2^− , 3^− , −ℓ^+_1 , ℓ^+_3 ) × A^{tree}(4^+, 5^+, −ℓ^−_3 , ℓ^−_5 ) ×

× A^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 ) × A^{tree}(1^− , −ℓ^+_6 , ℓ^−_1 ) � × × � A^{tree}(3^− , 2^− , −ℓ^+_1 , ℓ^+_3 ) × A^{tree}(5^+, 4^+, −ℓ^−_3 , ℓ^−_5 ) ×

× A^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 ) × A^{tree}(1^− , −ℓ^+_6 , ℓ^−_1 ) �

= 2s_{23}s_{45} × ĉ^{(2− 3− )(4+5+)6+1−}

S × ĉ^{(3− 2− )(5+4+)6+1−}

S , (6.2)

where the N = 4 box integral coefficients ĉ are defined in subsection 4.2. In going to the last line, we used the fact that the quadruple cut freezes the loop integral [30], determining the N = 4 coefficients directly. After substituting for the explicit form of the ĉ, using eqs. (3.6) and (4.5) and relabeling, we obtain,

ĉ^{(2− 3− )(4+5+)6+1−}

N =8 = = i 2 s_{23}s_{45}s^2_{61}(K^2_{123})^8 [1 2] [2 3] [1 3] [3 2] ⟨4 5⟩ ⟨5 6⟩ ⟨5 4⟩ ⟨4 6⟩ ⟨1^+|K|4^+⟩⟨1^+|K|5^+⟩⟨2^+|K|6^+⟩⟨3^+|K|6^+⟩ .

– 12 –

Consider now the coefficient ĉ^{(5+6+)(1− 2− )4+3−}

N =8 . Here there are two possible helicity

configurations in the generalized cuts,

3^− 4^+

5^+

6^+ 1^− 2^− + − − + + − + − ℓ_3

ℓ_4 ℓ_2 ℓ_6

3^− 4^+

5^+

6^+ 1^− 2^− + − − + + − − + ℓ_3

ℓ_4 ℓ_2 ℓ_6

where, again, only gravitons may contribute. For the Yang-Mills case the two configurations give rise to the non-singlet and singlet terms in the box coefficients. For the gravity case we take each configuration separately and decompose the gravity amplitudes into Yang-Mills amplitudes. The gravity coefficient will then be

ĉ^{(5+6+)(1− 2− )4+3−}

N =8 = 2s56s12 � � i=NS,S

ĉ^{(5+6+)(1− 2− )4+3−} i × ĉ^{(6+5+)(2− 1− )4+3−} i � . (6.3)

Explicitly, this evaluates to i 2 ⟨4^+|K|3^+⟩^8s_{12}s_{56}s^2_{34} ⟨3 5⟩ ⟨3 6⟩ ⟨5 6⟩ ⟨6 5⟩ [1 2] [1 4] [2 1] [2 4] ⟨1^+|K|3^+⟩⟨2^+|K|3^+⟩⟨4^+|K|5^+⟩⟨4^+|K|6^+⟩ + + i 2 ⟨1 2⟩^6 [5 6]^6 s_{12}s_{56}s^2_{34} ⟨1 4⟩ ⟨2 4⟩ [3 5] [3 6] ⟨3^+|K|1^+⟩⟨3^+|K|2^+⟩⟨5^+|K|4^+⟩⟨6^+|K|4^+⟩

; K = K_{124} , (6.4)

Similarly we have

ĉ^{(2− 3− )(4+1− )5+6+}

N =8 = 2s23s41 × � � i=NS,S

ĉ^{(2− 3− )(4+1− )5+6+} i × ĉ^{(3− 2− )(1− 4+)5+6+} i � ,

ĉ^{(3− 4+)(5+6+)1− 2−}

N =8 = 2s34s56 × � � i=NS,S

ĉ^{(3− 4+)(5+6+)1− 2−} i × ĉ^{(4+3− )(6+5+)1− 2−} i � . (6.5)

The final two-mass box case is ĉ^{(1− 4+)(2− 5+)3− 6+}

N =8 . In this case there are three possible

solutions,

6^+ 3^−

1^−

4^+ 2^− 5^+ + − + − + − + − ℓ_6

ℓ_3 ℓ_5 ℓ_4

6^+ 3^−

1^−

4^+ 2^− 5^+ − + − + − + − + ℓ_6

ℓ_3 ℓ_5 ℓ_4

6^+ 3^−

1^−

4^+ 2^− 5^+ − + − + − + + − ℓ_6

ℓ_3 ℓ_5 ℓ_4

In this example, we must also consider the contributions from all the states of the N = 8 multiplet to the first and second diagrams. The combination of these different

– 13 – particle contributions follows closely from the Yang-Mills case. For the N = 4 super-Yang- Mills case the MHV tree amplitudes for states of different helicity can be related to the tree amplitude with two gluons and two scalars by, for example,

A^{tree}(1^+, 2^− , ℓ^h_1 , ℓ^{−h}_2 ) = x^{2h}A^{tree}(1^+, 2^− , ℓ^s_1, ℓ^{−s}_2 ) , (6.6)

by application of supersymmetric Ward identities [58]. By applying the supersymmetric Ward identities at each corner the contributions to the quadruple cut from each particle type will be related to that of the scalar by an overall factor of X^{2h} where

X = x_1x_2x_3x_4 . (6.7)

Summing over all the possible helicities over the first and second configurations gives a total coefficient, which is that of the scalar multiplied by

ρ_{N =4} = � h∈H X^{2h} =

(X − 1)^4 X^2

. (6.8)

When we carry out the same procedure for N = 8 supergravity the argument follows in a very similar way (see ref. [15] for the details of summing over the N = 8 multiplet) with the contributions from the entire multiplet, summed over the two configurations, being that of the scalar times ρ_{N =8} = (ρ_{N =4})^2 . (6.9)

This gives this contribution to the box coefficient as the product of the non-singlet Yang- Mills terms. The third solution gives a contribution which is the product of the Yang-Mills singlet terms so that, adding the contributions together gives

ĉ^{(1− 4+)(2− 5+)3− 6+}

N =8 = 2s14s25 × � � i=NS,S

ĉ^{(1− 4+)(2− 5+)3− 6+} i × ĉ^{(4+1− )(5+2− )3− 6+} i � . (6.10)

In general, if we consider boxes with massive legs containing more than two external legs, then the KLT relationships will express the gravity tree as a sum of products of Yang- Mills trees. Inserting this into the generalised cuts the N = 8 box coefficient will be a sum over products of N = 4 coefficients

ĉ_{N =8} = � P (s_{ij})ĉ_{N =4} ĉ^′_{N =4} , (6.11)

where P (s_{ij} ) is a polynomial in the s_{ij}.

Continuing with the six-point amplitude we now consider the coefficients of the “onemass” box. There are a total of 60 such box functions. These split into four classes depending on whether the massive leg contains three, two, one or no negative helicities. Considering the case of the massive leg containing three negative helicities, we have

ĉ^{(1− 2− 3− )4+5+6+}

N =8 = 1 2 M^{tree}(1^− , 2^− , 3^− , −ℓ^+_6 , ℓ^+_3 ) × M^{tree}(4^+, −ℓ^−_3 , ℓ^+_4 ) ×

× × M^{tree}(5^+, −ℓ^−_4 , ℓ^−_5 ) × M^{tree}(6^+, −ℓ^+_5 , ℓ^−_6 ) . (6.12)

– 14 –

Now the KLT expansion for M^{tree}(1^− , 2^− , 3^− , −ℓ^+_6 , ℓ^+_3 ) gives M^{tree}(1^− , 2^− , 3^− , ℓ^+_3 , −ℓ^+_6 ) = is_{12}s_{3ℓ3} A^{tree}(1^− , 2^− , 3^− , ℓ^+_3 , −ℓ^+_6 )A^{tree}(2^− , 1^− , ℓ^+_3 , 3^− , −ℓ^+_6 ) + +is_{13}s_{2ℓ3} A^{tree}(1^− , 3^− , 2^− , ℓ^+_3 , −ℓ^+_6 )A^{tree}(3^− , 1^− , ℓ^+_3 , 2^− , −ℓ^+_6 ) . (6.13) This expression contains Yang-Mills amplitudes where the cut legs ℓ_6 and ℓ_3 are not adjacent. To recombine these into Yang-Mills box coefficients we must remedy this by using the “decoupling identity” among colour-ordered tree amplitudes [51] A^{tree}(a, {α}, b, {β}) = (−1)^{nβ} � σ∈OP {α}{β^T }

A^{tree}(a, σ({α}{β^T }), b) , (6.14)

where n_β is the number of elements in set {β}, β^T is the set β with ordering reversed, and OP {α}{β^T } is the set of permutation of {α} ∪ {β^T } preserving the ordering of elements within each of the two sets. The decoupling identity, with a = ℓ_3, b = −ℓ_6, {α} = {1} and {β} = {2, 1}, implies

A^{tree}(2^− , 1^− , ℓ^+_3 , 3^− , −ℓ^+_6 ) = A^{tree}(ℓ^+_3 , 3^− , −ℓ^+_6 , 2^− , 1^− ) = � A^{tree}(ℓ^+_3 , 3^− , 1^− , 2^− , −ℓ^+_6 ) + A^{tree}(ℓ^+_3 , 1^− , 3^− , 2^− , −ℓ^+_6 ) + + A^{tree}(ℓ^+_3 , 1^− , 2^− , 3^− , −ℓ^+_6 ) � , A^{tree}(3^− , 1^− , ℓ^+_3 , 2^− , −ℓ^+_6 ) = A^{tree}(ℓ^+_3 , 2^− , −ℓ^+_6 , 3^− , 1^− ) = � A^{tree}(ℓ^+_3 , 2^− , 1^− , 3^− , −ℓ^+_6 ) + A^{tree}(ℓ^+_3 , 1^− , 2^− , 3^− , −ℓ^+_6 ) + + A^{tree}(ℓ^+_3 , 1^− , 3^− , 2^− , −ℓ^+_6 ) � . (6.15) Recombining the products of Yang-Mills tree amplitudes into Yang-Mills box coefficients, we obtain for the gravity box coefficient ĉ^{(1− 2− 3− )4+5+6+}

N =8 = 2s12s3ℓ3 � ĉ^{(1− 2− 3− )4+5+6+}

S ĉ^{(2− 1− 3− )4+5+6+} S + + ĉ^{(1− 2− 3− )4+5+6+}

S ĉ^{(2− 3− 1− )4+5+6+} S + + ĉ^{(1− 2− 3− )4+5+6+}

S ĉ^{(3− 2− 1− )4+5+6+} S �

+2s_{13}s_{2ℓ3} � ĉ^{(1− 3− 2− )4+5+6+}

S ĉ^{(3− 1− 2− )4+5+6+} S + + ĉ^{(1− 3− 2− )4+5+6+}

S ĉ^{(3− 2− 1− )4+5+6+} S + + ĉ^{(1− 3− 2− )4+5+6+}

S ĉ^{(2− 3− 1− )4+5+6+} S � , (6.16) where we replace s_{aℓ3} = s_{56}⟨5^+|a|4^+⟩ [5 6] ⟨6 4⟩

+ s_{a4} , (6.17)

which is obtained by applying the on-shell conditions to the generalised cuts [30]. (If the massless corner attached to leg four (4) was a “mostly-minus” three point amplitude rather than a “mostly-plus” amplitudes then solving the on-shell conditions gives a formula for s_{aℓ3} which is the complex conjugate of the above.) The other one-mass box coefficients obey an analogous formulæ involving a summation over the singlet and non-singlet solutions.

– 15 –

Summarising, we have shown that the N = 8 coefficients are given, in terms of the N = 4 super-Yang-Mills coefficients, by

ĉ^{(ab)c(de)f}

N=8 = 0 ,

ĉ^{(ab)(cd)ef}

N=8 = 2s_{ab}s_{cd} × � � � i=NS,S

ĉ^{(ab)(cd)ef} i × ĉ^{(ba)(dc)ef} i � � , (6.18)

ĉ^{(abc)def}

N=8 = 2s_{ab}s_{cℓc} � i=NS,S � ĉ^{(abc)def} i ĉ^{(bac)def} i + ĉ^{(abc)def} i ĉ^{(bca)def} i + ĉ^{(abc)def} i ĉ^{(cba)def} i � + +2s_{ac}s_{bℓc} � i=NS,S � ĉ^{(acb)def} i ĉ^{(cab)def} i + ĉ^{(acb)def} i ĉ^{(cba)def} i + ĉ^{(acb)def} i ĉ^{(bca)def} i � , for all choices of helicities. Expressing the box coefficients in terms of N = 4 super- Yang-Mills box-coefficients is useful because it allows one to exploit the recent progress in computing such coefficients however it may not always give the most compact realisation of the supergravity box coefficients. If our ansatz that only box integrals contribute is correct, these coefficients give the complete NMHV N = 8 one-loop six-point amplitudes.

6.2 Sample seven- and eight-point box coefficients We can use the generalised cuts together with the KLT relationship to generate any supergravity or gravity amplitude from the equivalent Yang-Mills amplitudes. For example consider one of the three-mass boxes of the seven-point amplitude,

ĉ^{(4+5+)(2− 3− )(6+7+)1−}

N =8 =

= 2s_{23}s_{45}s_{67}ĉ^{(4+5+)(2− 3− )(6+7+)1−}

N =4 ĉ

(5^+4^+)(3^− 2^− )(7^+6^+)1^− N =4 (6.19) = i 2 s_{45}s_{23}s_{67} � ⟨2 3⟩ ⟨1^− |K_{67}K_{45}|1^+⟩

�_8

⟨5 2⟩ ⟨3 6⟩ ⟨4 3⟩ ⟨2 7⟩ (K^2_{671}K^2_{145} − s_{45}s_{67})^2 N(1452367)N(1543276)s^2_3 � j=2,3,6,7⟨1

− |K_{45}K_{23}|j^+⟩ � j=2,3,4,5⟨1

− |K_{67}K_{23}|j^+⟩ , with N(abcdemn) = ⟨a b⟩ ⟨b c⟩ . . . ⟨n a⟩. For this configuration the N = 4 box-coefficients are entirely from singlet contributions. We used the results of refs. [27, 28] to substitute for the explicit values of the N = 4 gauge theory coefficients. We shall use this result later when we explore the twistor structure of the NMHV amplitudes.

A sample coefficient in the eight-point amplitude is ĉ^{(1− 2− )(5+6+)(3− 4− )(7+8+)}

N =8 = 2s12s34s45s56 ĉ

(1^− 2^− )(5^+6^+)(3^− 4^− )(7^+8^+) N =4 ĉ

(2^− 1^− )(6^+5^+)(4^− 3^− )(8^+7^+) N =4 ,

(6.20) which gives us an example of an N^2MHV box coefficient. The N = 4 coefficients in this formula may be obtained using the results of ref. [30].

Depending on how we decide to write out the gravity coefficients in terms of Yang-Mills trees, we can have different forms of N = 8 box coefficients. As a specific example of this is, an alternative form of the coefficient is, e.g., ĉ^{(1− 2− )(5+6+)(3− 4− )(7+8+)}

N =8 = 2s12s34s45s56ĉ

(1^− 2^− )(6^+5^+)(3^− 4^− )(8^+7^+) N =4 ĉ

(2^− 1^− )(5^+6^+)(4^− 3^− )(7^+8^+) N =4 .

(6.21) It is interesting to note that the equivalence of the different forms implies a quadratic identity amongst the N = 4 box-coefficients.

– 16 –

6.3 A sample gravity n-point coefficient In this section we present the computation of an n-point sample term to illustrate the general process. We consider the specific case of the one-mass box I^{(4+···n+)1− 2− 3−} . The quadruple cut in this case has the single, singlet, solution

ĉ^{(4+,...,n+)1− 2− 3−}

N =8 = 1 2 M^{tree}(4^+, . . . , n^+, ℓ^−_n , −ℓ^−_3 ) × M^{tree}(1^− , −ℓ^+_n , ℓ^−_1 ) × × × M^{tree}(2^− , −ℓ^+_1 , ℓ^+_2 ) × M^{tree}(3^− , −ℓ^−_2 , ℓ^+_3 ) . (6.22)

For definiteness, consider the case where n = 2m + 3 whence we can use the following expression for the KLT relationships [13],

M^{tree}(−ℓ^−_3 , 4^+, . . . , n^+, ℓ^−_n ) = −i � A^{tree}(−ℓ^−_3 , 4^+, . . . , n^+, ℓ^−_n ) × × � α∈S_m,β∈S_{m−1}

f(α) f̄(β) ×

× A^{tree}(α_1, . . . , α_m, −ℓ_3, n, β_1, . . . β_{m−1} , ℓ_n) � + +P(4, . . . , n − 1) . (6.23)

The α is a permutation of the m legs (4, · · · m + 3) and β is a permutation of the m − 1 legs (m + 4, . . . n − 1). The functions f(α) and f̄(β) are polynomial in momenta with

f(α) = s(ℓ_3, α_m) m−1� r=1 � s(ℓ_3, α_r) + m� k=r+1

g(α_r, α_k) � ,

f̄(β) = s(β_1, n)^{m−1} � r=2 � s(β_r, n) + r−1� k=1 g(β_k , β_r) � , (6.24)

with g(i, j) = � s(i, j) ≡ s_{ij} , i > j,

0 , otherwise. � . (6.25)

Solving the on-shell conditions means we substitute

s(a, ℓ_3) = s_{12}⟨4^+|a|2^+⟩ [4 1] ⟨1 2⟩

− s_{a3} ,

s(a, ℓ_n) = s_{23}⟨1^+|a|2^+⟩ [1 3] ⟨3 2⟩

+ s_{a1} . (6.26)

Before combining into N = 8 coefficients we must reorganise A^{tree}(α_1, . . . , α_m, −ℓ_3, n, β_1, . . . β_{m−1} , ℓ_n) = A^{tree}(ℓ_n, α_1, . . . , α_m, −ℓ_3, n, β_1, . . . β_{m−1} ) (6.27) = − � σ∈OP {α}{β^T ∪n}

A^{tree}(ℓ_n, σ({α}{β^T ∪ n}), −ℓ_3) ,

so that

M^{tree}(−ℓ^−_3 , 4^+, . . . , n^+, ℓ^−_n ) = −i � A^{tree}(−ℓ^−_3 , 4^+, . . . , n^+, ℓ^−_n ) ×

– 17 –

× � α∈S_m,β∈S_{m−1}

f(α) f̄(β) ×

× � σ∈OP {α}{β^T ∪n}

A^{tree}(ℓ_n, σ({α}{β^T ∪ n}), −ℓ_3) � + + P(4, . . . , n − 1) . (6.28)

Using this we obtain

ĉ^{(4+,...,n+)1− 2− 3−}

N =8 = 2 � α∈S_m,β∈S_{m−1}

f(α) f̄(β) × × � σ∈OP {α}{β^T ∪n}

ĉ^{(4+,...,n+)1− 2− 3−}

N =4 ĉ

(σ({α}{β^T ∪n}))3^− 2^− 1^− N =4 +

+P(4, . . . , n − 1) . (6.29)

The explicit forms of these N = 4 coefficients may be found in refs. [36, 27, 28]. The explicit form of the gravity coefficient is then obtained by substituting these into the expression.

7. Twistor-space structure of gravity tree amplitudes

The twistor-space properties of supergravity amplitudes are more complicated to analyse than the corresponding Yang-Mills amplitudes since their support is on derivatives of δfunctions rather than simple δ-functions. While the MHV Yang-Mills amplitudes can be seen to have a simple δ-function support

A^{tree MHV} n (1^+, 2^+, . . . , p^− , . . . , q^− , . . . , n^+)(λ_i, μ_i) ∼ ∼ � d^4x n� i=1 δ^2(μ_{iȧ} + x_{aȧ}λ^a_i )A^{tree MHV} n (1^+, 2^+, . . . , p^− , . . . , q^− , . . . , n^+)(λ_i) , (7.1)

where

A^{tree MHV} n (1^+, 2^+, . . . , p^− , . . . , q^− , . . . , n^+) = i

⟨p q⟩^4 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ · · · ⟨n − 1, n⟩ ⟨n 1⟩

, (7.2)

is the Parke-Taylor [59] for MHV amplitudes. Expressions for the gravity MHV amplitudes have been presented using the KLT relationship together with factorisation by Berends, Giele and Kuijf [2]. Gravity MHV amplitudes will have a derivative of a δ-function support which mathematically can be expressed as

M^{tree MHV} n (1^+, 2^+, . . . , p^− , . . . , q^− , . . . , n^+)(λ_i, μ_i) ∼ � d^4xP � − i ∂ ∂μ_{iȧ}

�^n� i=1 δ^2(μ_{iȧ} + x_{aȧ}λ^a_i ) ,

(7.3) following [17] where P is a polynomial function. This has the geometric meaning that points are sitting infinitesimally off lines in twistor space.

Consequently, we must test the twistor-space behaviour of gravity amplitudes by acting multiple times with the F_{ijk} and K_{ijkl} operators which we define as

[F_{ijk}, η] = ⟨i j⟩ � ∂ ∂λ̃_k , η � + ⟨j k⟩ � ∂ ∂λ̃_i , η � + ⟨k i⟩ � ∂ ∂λ̃_j , η � , (7.4)

– 18 – and K_{ijkl} = 1 4 � ⟨ij⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_k ∂ ∂λ̃^ḃ_l

− ⟨ik⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_l

+ ⟨il⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_k + + ⟨jk⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_i ∂ ∂λ̃^ḃ_l

+ ⟨jl⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_k ∂ ∂λ̃^ḃ_i

− ⟨kl⟩ϵ^{ȧḃ} ∂ ∂λ̃^ȧ_j ∂ ∂λ̃^ḃ_i � . (7.5)

For Yang-Mills tree amplitudes the MHV amplitudes satisfy collinearity conditions

F_{ijk}A^{tree MHV} n (1 . . . n) = 0 , (7.6)

and the NMHV satisfy coplanarity relations

K_{ijkl}A^{tree NMHV} n (1 . . . n) = 0 . (7.7)

These conditions are manifest in the CSW construction [24] for gauge theory amplitudes. Although, as yet, a similar construction does not exist for gravity, one can determine the twistor-space properties by direct computation. Such an investigation may help shed light on the origin of the difficulties encountered in finding MHV vertices for gravity or finding a string theory dual. Although, Yang-Mills MHV tree amplitudes are holomorphic (independent of λ̃_ȧ), the KLT relationships imply that the gravity MHV tree amplitudes are polynomial in λ̃_ȧ. From the degree of the polynomial we are guaranteed that

F^P M^{tree MHV} n (1 . . . n) = 0 , for P > 2(n − 3) . (7.8)

We now show that actually fewer powers of F are required to annihilate the tree amplitudes. We also examine the coplanarity properties of the NMHV amplitudes using the coplanar operator K_{ijkl}.

Consider first the five-point amplitude. There are two inequivalent amplitudes: the MHV and the googly-MHV. These satisfy [47]

K^2M^{tree MHV}

5 = 0 , KK^′M^{tree MHV}_5 ≠ 0 , KK^′K^{′′}M^{tree MHV}_5 = 0 , (7.9) and K^2M^{tree googly}

5 = KK^′M^{tree googly}

5 = 0 , (7.10) where K, K^′ and K^{′′} represent distinct K_{ijkl}.

By examining the tree amplitudes explicitly we have

F^4_{ijk}M^{tree MHV}

6 = 0 , F^5_{ijk}M^{tree MHV}

7 = 0 , F^6_{ijk}M^{tree MHV}

8 = 0 , (7.11) and K^3_{ijkl}M^{tree (−−−+++)}

6 = 0 , K^4_{ijkl}M^{tree (−−−++++)}

7 = 0 . (7.12)

– 19 –

These were checked by using computer algebra and by numerically evaluating the expressions at arbitrary kinematic points. The rapid proliferation of terms in the gravity amplitudes as the number of external legs increases makes further checks problematic. In any case, this leads us to postulate the general behaviour,

F^{n−2}_{ijk} M^{tree MHV} n = 0 , K^{n−3}_{ijkl} M^{tree NMHV} n = 0 . (7.13)

8. Twistor-space structure of gravity box coefficients

In this section we show how the box coefficients of supergravity one-loop amplitudes inherit a twistor-space structure directly from box coefficients of super-Yang-Mills theory. In particular, we show that the box-coefficients for MHV gravity amplitudes have collinear support whilst the box-coefficients of NMHV gravity amplitudes have coplanar support, similar to the situation for gauge theory.

Unitarity links the tree amplitudes to the imaginary parts of loop amplitudes. For example considering the cut in a one-loop amplitude we have

C_{i,...,j} ≡ i 2 � dLIPS � M^{tree}(ℓ_1, i, i + 1, . . . , j, ℓ_2) ×

× M^{tree}(−ℓ_2, j + 1, j + 2, . . . , i − 1, −ℓ_1) � = Im_{Ki,...,j >0} M^{1-loop} = � a c_a Im_{Ki,...,j >0}(F_a) , (8.1)

where the one-loop amplitude is expressed as a sum of integral functions F_a multiplied by rational functions c_a. One can use this expression, and more generalised unitarity expressions to deduce information on the behaviour of the c_a. Specifically, consider the action of a differential twistor space operator O which satisfies

OM^{tree}(ℓ_1, i, i + 1, . . . , j, ℓ_2) = 0 , (8.2)

and where O only depends on legs i, . . . , j. Naively, the action of O on the cut gives zero however due to the “holomorphic anomaly” [34, 36] the action of O produces a δ-function within the integral of the cut leading to [35, 36]

OC_{i,...,j} = rational , (8.3)

after the integral has been performed. For the case where F_a is a box integral function the imaginary parts are logarithms of the momentum invariants. In general,

OC_{i,...,j} = O � � a c_a Im_{Ki,...,j >0}(F_a) � , (8.4)

can only be satisfied provided [36] Oc_a = 0 . (8.5) We shall apply operators of the form O = F^n and O = K^n to the box integral coefficients, using generalised unitarity as a guide to the expected properties.

– 20 –

The first example we will look at is a box-coefficient of the five-point MHV one-loop amplitude. (The action of F_{ijk} does not depend on how the helicities are assigned since the arrangement of helicities will only change a holomorphic factor in the box coefficient.) Consider the various cuts of the box, 1 2

3 5 4

Consider first the cut C_{123}, where the gravity MHV five-point tree amplitude M^{tree}(ℓ_5, 1, 2, 3, ℓ_3) is isolated on one side of the cut. This tree is annihilated by F^3_{123}. Hence we conclude that the same property should hold for the coefficient: F^3_{123}c^{(45)123}_{N =8} = 0. Similarly by examining the cuts C_{451} and C_{345}, which isolate legs 4, 5, 1 and 3, 4, 5 respectively, we deduce that F^3_{145}c^{(45)123}_{N =8} = F^3_{345}c^{(45)123}_{N =8} = 0. For the remaining choices of F_{ijk} we must consider more generalised cuts. For example in the case of F_{124} we can consider the cut C_{4512}. By analytically continuing to signature (− − ++) such cuts are possible and will be non-vanishing [30] and allow us to deduce information on the coefficients. In this case the gravity tree amplitude M^{tree}(ℓ_3, 4, 5, 1, 2, ℓ_2 ) is a six-point MHV tree, annihilated by, e.g., F^4_{124} and we deduce F^4_{124}c^{(45)123}_{N =8} = 0. Summarising we have

F^3_{123}c^{(45)123}

N =8 = F 3 145c^{(45)123}

N =8 = F 3 345c^{(45)123}

N =8 = 0 , F 4 ijkc^{(45)123}

N =8 = 0 ∀ i, j, k . (8.6)

A similar conclusion holds for all other box coefficients in the five point amplitude, simply by permuting the legs.

Considering the six-point MHV-amplitude there are two types of boxes to consider: the one mass and two-mass-easy boxes, 4 5

6 1 2 3

1 2 3

4 5 6

and examining the various cuts as before we find

F^3_{ijk}c^{1m}_{N =8} = 0 , {i, j, k} = {1, 2, 3}, {4, 5, 6} , F^4_{ijk}c^{1m}_{N =8} = 0 , if {i, j, k} ∈ {3, 4, 5, 6} or {i, j, k} ∈ {1, 4, 5, 6} , F^5_{ijk}c^{1m}_{N =8} = 0 , ∀{i, j, k} , (8.7)

– 21 – as well as

F^3_{ijk}c^{2me}_{N =8} = 0 , {i, j, k} = {1, 2, 3}, {4, 5, 6, }, {1, 5, 6}, {2, 3, 4} , F^4_{ijk}c^{2me}_{N =8} = 0 , if {i, j, k} ∈ {1, 2, 3, 4} or {i, j, k} ∈ {1, 4, 5, 6} , F^5_{ijk}c^{2me}_{N =8} = 0 , ∀{i, j, k} , (8.8)

where c^{1m}_{N =8} and c^{2me}_{N =8} are shorthands for the one-mass and two-mass-easy box coefficients c^{(123)456}

N =8 and c

1(23)4(56) N =8 As we can see, the box-coefficients have “derivative of δ-function“

collinear support although the degree of annihilation by F^n depends on the choice of indices. As before the properties of other coefficients appearing in the amplitude can be obtained simply by permuting labels.

Continuing in this way, by inspecting the general n-point case, we can predict

F^{n−1}_{ijk} c^n-^{point}

N =8 = 0 , ∀i, j, k , (8.9)

indicating collinearity in twistor space. However, in some cases the value of n − 1 is not optimal in the sense that smaller multiples of F_{ijk} will suffice for some values of {i, j, k}.

We now consider the action of K^N on the box-coefficients of the NHMV amplitude M(1^− , 2^− , 3^− , 4^+, 5^+) (which is the parity dual of a MHV amplitude). To act with K^N_{ijkl}, we must use a cut which isolates at least four external legs. Specifically, to analyse the behaviour of K^N_{2345} we can examine the C_{2345} cut, where one of the tree amplitudes is M^{tree}(ℓ^h_1 , 2^− , 3^− , 4^+, 5^+, ℓ^{h′}_5 ). If we only consider this cut then the values of h and h^′ may both be negative and we have a tree amplitude with four negative helicities: such amplitudes do not have coplanar support. However if we consider the quadruple generalised cut then the only possible non-vanishing solution is

4^+ 3^−

2^−

1^−

5^+ − + − + + − + − ℓ_5

ℓ_3 ℓ_2 ℓ_1

indicating that the problem helicity does not contribute to this box coefficient. The possible tree amplitude M^{tree}(ℓ^+_1 , 2^− , 3^− , 4^+, 5^+, ℓ^−_5 ) is indeed annihilated by K^3_{2345} which thus requires K^3_{2345}c_{N =8} = 0. Explicit computation confirms that K^3_{ijkl}c_{N =8} = 0 for this boxcoefficient.

Continuing in this way we can deduce that at least,

K^{n−2} c^n-^{point}

N =8 = 0 , (8.10)

although in some cases we need to apply less powers of K. We can consider a generic box with three massless legs, e.g., with exactly one negative helicity on each legs and at least three legs attached to each massive vertex,

– 22 – r^+ C

B A

•

• • + − + − + − + − ℓ_r

ℓ_C ℓ_B ℓ_A

where A, B and C are sets of indices of external lines including a single negative helicity. Immediately we can deduce that

F^N_{ijk}c_{N =8} = 0 , {i, j, k} ∈ A ∪ {r} , F^M_{ijk}c_{N =8} = 0 , {i, j, k} ∈ B , F^P_{ijk}c_{N =8} = 0 , {i, j, k} ∈ C ∪ {r} , (8.11)

where N, M and P are integers depending on the number of legs attached to the corner, and K^S_{ijkl}c_{N =8} = 0 {i, j, k, l} ∈ A ∪ B , K^T_{ijkl}c_{N =8} = 0 {i, j, k, l} ∈ B ∪ C . (8.12)

The important point here is that the

r^+ C

A B

Figure 4: The three-mass box coefficients of the NMHV one-loop amplitude have derivative of δfunction support in twistor space on three intersecting lines lying in a plane. This diagram is identical to the one found in ref. [28] for the NMHV amplitudes of N = 4 super-Yang-Mills theory.

supergravity three-mass box-coefficient in twistor space has a topology inherited from that of super-Yang-Mills: the points lie on three intersecting lines with two of these lines intersecting at point r, as shown in figure 4. This picture is identical to that for super-Yang-Mills [28]–essentially because the argument leading to it is identical albeit with the important difference that we must act with multiple copies of F and K. This example illustrates how the twistor picture for N = 8 box-coefficients will be inherited from that of N = 4 super- Yang-Mills.

As a check of the predicted coplanarity for the N = 8 supergravity box coefficients, we have explicitly computed the action of the K^n operators on the six-point box coefficients. Using computer algebra, and numerically evaluating the results at a generic kinematic point we have verified that all gravity six-point coefficients have a derivative of a δ-function support on planes in twistor space, confirming the predicted patterns.

The twistor support of the four-mass box-coefficients of the N^2MHV gravity amplitudes is also very similar to the Yang-Mills N^2MHV case [28, 30]. If we consider the generic four-

– 23 –

D • C

B A

•

• • + − + − + − + − ℓ_D

ℓ_C ℓ_B ℓ_A

D

A C B

Figure 5: A four-mass box with clusters of legs indicated by A, B, C, D. The dots represent arbitrary numbers of external legs.

Figure 6: The four-mass box-coefficients of N^2MHV amplitudes have derivative of δfunction support in twistor space on four intersecting lines.

mass box with clusters of legs A, B, C and D as indicated in figure 5, for the N^2MHV case the clusters form four MHV trees. From this observation we obtain,

F^r_{ijk}c_{N =8} = 0 , {ijk} ∈ A F^{r′}_{ijk}c_{N =8} = 0 , {ijk} ∈ B , F^{r′′}_{ijk}c_{N =8} = 0 , {ijk} ∈ C F^{r′′′}_{ijk} c_{N =8} = 0 , {ijk} ∈ D , (8.13) and K^s_{ijk}c_{N =8} = 0 , {ijk} ∈ A ∪ B , K^{s′}_{ijk}c_{N =8} = 0 , {ijk} ∈ B ∪ C , K^{s′′}_{ijk}c_{N =8} = 0 , {ijk} ∈ C ∪ D , K^{s′′′}_{ijk} c_{N =8} = 0 , {ijk} ∈ D ∪ A , (8.14)

which gives us a picture of four pair-wise intersecting lines or of points lying on a pair of intersecting planes shown in figure 6. Again this matches the picture for N = 4 super- Yang-Mills theory [28], except that the lines have derivative of δ-function support.

In summary, the box-coefficients of one-loop amplitudes in N = 8 supergravity have a twistor-space structure inherited from N = 4 super-Yang-Mills amplitudes.

9. Conclusions

Gauge and gravity theories are two of the cornerstones of modern theoretical physics. Explicit calculations within these theories have been very fruitful for uncovering and testing theoretical properties. In the gauge theory case, such calculations are also crucial for comparisons of theory against experiments.

In this paper we have investigated the twistor-space properties of both tree and loop amplitudes in N = 8 supergravity which is especially interesting because of its close connection to D = 11 supergravity, which again is closely linked to M-theory. It is also believed to be the gravity theory with the best ultraviolet properties: the first potential divergence occurs at no less than five loops [15, 16].

In general, gravity tree amplitudes are simple to obtain via the low energy limit of the KLT relationship [1 – 3] between open and closed strings. In the case of loop amplitudes

– 24 – the technically simplest theory to deal with is that of N = 8 supergravity. Here we have computed the coefficients of the box functions in N = 8 supergravity in order to determine their twistor-space properties.

Loop calculations in quantum gravity theories are notoriously difficult: direct calculation using Feynman diagram techniques being significantly more difficult than the equivalent gauge theory ones. In this paper we followed the logic of refs. [15, 12, 13], making use of the unitarity method together with the KLT relations to obtain supergravity loop amplitudes from gauge theory tree amplitudes. The observation of ref. [30] that quadruple cuts freeze the loop integrals helped simplify our discussion.

We have produced sample formulæ for supergravity box integral coefficients from known gauge theory amplitudes. Following similar logic, it should be possible to obtain the full n-point gravity one-loop amplitudes by recycling the equivalent Yang-Mills gauge theory amplitudes. Specifically we have calculated box integral coefficients in N = 8 supergravity using the corresponding ones of N = 4 super-Yang-Mills theory. In many ways these box coefficients are simpler objects than tree amplitudes. As has happened for gauge theory [27, 28, 60, 29, 61], it seems likely, although perverse, that loop amplitudes will prove a route to simplifying gravity tree amplitudes.

Factorisation properties suggest that only box integral functions appear in one-loop N = 8 supergravity amplitudes. If this is true, one can obtain complete one-loop N = 8 supergravity amplitudes simply by evaluating the box integral coefficients. This, however, would require a non-trivial cancellation, since the gravity amplitudes are a priori not cut-constructible from the four-dimensional tree amplitudes. Rather surprisingly, it also seems to imply that at one-loop N = 8 supergravity has a power counting identical to that of N = 4 super-Yang-Mills theory. It would be very interesting to prove whether box function are the only integral functions that appear in N = 8 one-loop amplitudes. Assuming a proof is found, it would also be very interesting to investigate possible implications of these types of cancellations on the higher-loop ultraviolet divergences of N = 8 supergravity.

We also showed how twistor space properties of gauge theory amplitudes are inherited by gravity loop amplitudes, via the Kawai-Lewellen and Tye tree relations and the unitarity method. The relatively simple twistor-space structure of the gravity amplitudes described in this paper hints that there may be a twistor-space string theory interpretation. We hope that further investigations will provide new insight into quantum gravity.

Acknowledgments

We thank Lance Dixon, Harald Ita and David Kosower for many useful discussions. This research was supported in part by the US Department of Energy under grant DE–FG03– 91ER40662 and in part by the PPARC. We also thank Academic Technology Services at UCLA for computer support on a 48 CPU Beowulf cluster, where computations of the twistor-space structure of the gravity amplitudes were performed.

– 25 –

References

[1] H. Kawai, D.C. Lewellen and S.H.H. Tye, A relation between tree amplitudes of closed and open strings, Nucl. Phys. B 269 (1986) 1.

[2] F.A. Berends, W.T. Giele and H. Kuijf, On relations between multi - gluon and multigraviton scattering, Phys. Lett. B 211 (1988) 91.

[3] Z. Bern, Perturbative quantum gravity and its relation to gauge theory, Living Rev. Rel. 5 (2002) 5 [gr-qc/0206071].

[4] S. Weinberg, Phenomenological lagrangians, Physica A96 (1979) 327.

[5] J.F. Donoghue, General relativity as an effective field theory: the leading quantum corrections, Phys. Rev. D 50 (1994) 3874 [gr-qc/9405057];

N.E.J. Bjerrum-Bohr, J.F. Donoghue and B.R. Holstein, Quantum gravitational corrections to the nonrelativistic scattering potential of two masses, Phys. Rev. D 67 (2003) 084033 [hep-th/0211072];

Quantum corrections to the Schwarzschild and Kerr metrics, Phys. Rev. D 68 (2003) 084005 [hep-th/0211071].

[6] Z. Bern, A. De Freitas and H.L. Wong, On the coupling of gravitons to matter, Phys. Rev.

Lett. 84 (2000) 3531 [hep-th/9912033].

[7] N.E.J. Bjerrum-Bohr, String theory and the mapping of gravity into gauge theory, Phys. Lett.

B 560 (2003) 98 [hep-th/0302131];

N.E.J. Bjerrum Bohr, Generalized string theory mapping relations between gravity and gauge theory, Nucl. Phys. B 673 (2003) 41 [hep-th/0305062];

N.E.J. Bjerrum-Bohr and K. Risager, String theory and the KLT-relations between gravity and gauge theory including external matter, Phys. Rev. D 70 (2004) 086011 [hep-th/0407085].

[8] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, One loop n point gauge theory amplitudes, unitarity and collinear limits, Nucl. Phys. B 425 (1994) 217 [hep-ph/9403226].

[9] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Fusing gauge theory tree amplitudes into loop amplitudes, Nucl. Phys. B 435 (1995) 59 [hep-ph/9409265].

[10] Z. Bern and A.G. Morgan, Massive loop amplitudes from unitarity, Nucl. Phys. B 467 (1996) 479 [hep-ph/9511336].

[11] Z. Bern, L.J. Dixon and D.A. Kosower, Two-loop g → g g splitting amplitudes in QCD, JHEP 08 (2004) 012 [hep-ph/0404293].

[12] Z. Bern, L.J. Dixon, M. Perelstein and J.S. Rozowsky, One-loop n-point helicity amplitudes in (self-dual) gravity, Phys. Lett. B 444 (1998) 273 [hep-th/9809160].

[13] Z. Bern, L.J. Dixon, M. Perelstein and J.S. Rozowsky, Multi-leg one-loop gravity amplitudes from gauge theory, Nucl. Phys. B 546 (1999) 423 [hep-th/9811140].

[14] E. Cremmer, B. Julia and J. Scherk, Supergravity theory in 11 dimensions, Phys. Lett. B 76 (1978) 409;

E. Cremmer and B. Julia, The N = 8 supergravity theory, 1. The lagrangian, Phys. Lett. B 80 (1978) 48; The SO(8) supergravity, Nucl. Phys. B 159 (1979) 141.

– 26 –

[15] Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, On the relationship between Yang-Mills theory and gravity and its implication for ultraviolet divergences, Nucl. Phys. B 530 (1998) 401 [hep-th/9802162]; Perturbative relations between gravity and gauge theory, Class. and Quant. Grav. 17 (2000) 979 [hep-th/9911194].

[16] P.S. Howe and K.S. Stelle, Supersymmetry counterterms revisited, Phys. Lett. B 554 (2003) 190 [hep-th/0211279].

[17] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun. Math.

Phys. 252 (2004) 189 [hep-th/0312171].

[18] R. Roiban, M. Spradlin and A. Volovich, A googly amplitude from the B-model in twistor space, JHEP 04 (2004) 012 [hep-th/0402016].

[19] N. Berkovits, An alternative string theory in twistor space for N = 4 super-Yang-Mills, Phys.

Rev. Lett. 93 (2004) 011601 [hep-th/0402045].

[20] N. Berkovits and L. Motl, Cubic twistorial string field theory, JHEP 04 (2004) 056 [hep-th/0403187].

[21] A. Neitzke and C. Vafa, N = 2 strings and the twistorial Calabi-Yau, hep-th/0402128.

[22] W. Siegel, Untwisting the twistor superstring, hep-th/0404255.

[23] V.P. Nair, A current algebra for some gauge theory amplitudes, Phys. Lett. B 214 (1988) 215.

[24] F. Cachazo, P. Svrcek and E. Witten, MHV vertices and tree amplitudes in gauge theory, JHEP 09 (2004) 006 [hep-th/0403047].

[25] G. Georgiou and V.V. Khoze, Tree amplitudes in gauge theory as scalar MHV diagrams, JHEP 05 (2004) 070 [hep-th/0404072];

J.-B. Wu and C.-J. Zhu, Mhv vertices and fermionic scattering amplitudes in gauge theory with quarks and gluinos, JHEP 09 (2004) 063 [hep-th/0406146];

X. Su and J.-B. Wu, Six-quark amplitudes from fermionic MHV vertices, hep-th/0409228; L.J. Dixon, E.W.N. Glover and V.V. Khoze, MHV rules for Higgs plus multi-gluon amplitudes, JHEP 12 (2004) 015 [hep-th/0411092].

[26] C.-J. Zhu, The googly amplitudes in gauge theory, JHEP 04 (2004) 032 [hep-th/0403115];

R. Roiban, M. Spradlin and A. Volovich, On the tree-level S-matrix of Yang-Mills theory, Phys. Rev. D 70 (2004) 026009 [hep-th/0403190];

I. Bena, Z. Bern and D.A. Kosower, Twistor-space recursive formulation of gauge theory amplitudes, Phys. Rev. D 71 (2005) 045008 [hep-th/0406133];

D.A. Kosower, Next-to-maximal helicity violating amplitudes in gauge theory, Phys. Rev. D 71 (2005) 045007 [hep-th/0406175];

G. Georgiou, E.W.N. Glover and V.V. Khoze, Non-MHV tree amplitudes in gauge theory, JHEP 07 (2004) 048 [hep-th/0407027].

[27] Z. Bern, V. Del Duca, L.J. Dixon and D.A. Kosower, All non-maximally-helicity-violating one-loop seven-gluon amplitudes in N = 4 super-Yang-Mills theory, Phys. Rev. D 71 (2005) 045006 [hep-th/0410224].

[28] Z. Bern, L.J. Dixon and D.A. Kosower, All next-to-maximally helicity-violating one-loop gluon amplitudes in N = 4 super- Yang-Mills theory, hep-th/0412210.

[29] R. Roiban, M. Spradlin and A. Volovich, Dissolving N = 4 loop amplitudes into QCD tree amplitudes, Phys. Rev. Lett. 94 (2005) 102002 [hep-th/0412265].

– 27 –

[30] R. Britto, F. Cachazo and B. Feng, Generalized unitarity and one-loop amplitudes in N = 4 super-Yang-Mills, hep-th/0412103.

[31] N. Berkovits and E. Witten, Conformal supergravity in twistor-string theory, JHEP 08 (2004) 009 [hep-th/0406051].

[32] A. Brandhuber, B. Spence and G. Travaglini, One-loop gauge theory amplitudes in N = 4 super Yang-Mills from MHV vertices, Nucl. Phys. B 706 (2005) 150 [hep-th/0407214].

[33] F. Cachazo, P. Svrcek and E. Witten, Twistor space structure of one-loop amplitudes in gauge theory, JHEP 10 (2004) 074 [hep-th/0406177].

[34] F. Cachazo, P. Svrcek and E. Witten, Gauge theory amplitudes in twistor space and holomorphic anomaly, JHEP 10 (2004) 077 [hep-th/0409245].

[35] I. Bena, Z. Bern, D.A. Kosower and R. Roiban, Loops in twistor space, hep-th/0410054.

[36] F. Cachazo, Holomorphic anomaly of unitarity cuts and one-loop gauge theory amplitudes,

hep-th/0410077.

[37] R. Britto, F. Cachazo and B. Feng, Computing one-loop amplitudes from the holomorphic anomaly of unitarity cuts, Phys. Rev. D 71 (2005) 025012 [hep-th/0410179].

[38] R. Britto, F. Cachazo and B. Feng, Coplanarity in twistor space of N = 4 next-to-MHV one-loop amplitude coefficients, Phys. Lett. B 611 (2005) 167 [hep-th/0411107].

[39] S.J. Bidder, N.E.J. Bjerrum-Bohr, L.J. Dixon and D.C. Dunbar, N =1 supersymmetric one-loop amplitudes and the holomorphic anomaly of unitarity cuts, Phys. Lett. B 606 (2005) 189 [hep-th/0410296].

[40] S.J. Bidder, N.E.J. Bjerrum-Bohr, D.C. Dunbar and W.B. Perkins, Twistor space structure of the box coefficients of N = 1 one-loop amplitudes, Phys. Lett. B 608 (2005) 151 [hep-th/0412023].

[41] C. Quigley and M. Rozali, One-loop mhv amplitudes in supersymmetric gauge theories, JHEP 01 (2005) 053 [hep-th/0410278].

[42] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, A twistor approach to one-loop amplitudes in N = 1 supersymmetric Yang-Mills theory, Nucl. Phys. B 706 (2005) 100 [hep-th/0410280].

[43] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, Non-supersymmetric loop amplitudes and MHV vertices, Nucl. Phys. B 712 (2005) 59 [hep-th/0412108].

[44] Z. Bern, L.J. Dixon and D.A. Kosower, Dimensionally regulated pentagon integrals, Nucl.

Phys. B 412 (1994) 751 [hep-ph/9306240].

[45] R.J. Eden, P.V. Landshoff, D.I. Olive and J.C. Polkinghorne, The analytic s matrix, Cambridge University Press, Cambridge 1966.

[46] Z. Bern, L.J. Dixon and D.A. Kosower, One-loop amplitudes for e^+e^− to four partons, Nucl.

Phys. B 513 (1998) 3 [hep-ph/9708239];

Z. Bern, L.J. Dixon and D.A. Kosower, A two-loop four-gluon helicity amplitude in QCD, JHEP 01 (2000) 027 [hep-ph/0001001].

[47] S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, A note on twistor gravity amplitudes, JHEP 07 (2004) 059 [hep-th/0405086].

– 28 –

[48] J.-B. Wu and C.-J. Zhu, MHV vertices and scattering amplitudes in gauge theory, JHEP 07 (2004) 032 [hep-th/0406085].

[49] M.L. Mangano and S.J. Parke, Multiparton amplitudes in gauge theories, Phys. Rept. 200 (1991) 301;

L.J. Dixon, Calculating scattering amplitudes efficiently, in QCD & Beyond: Proceedings of TASI ’95, D.E. Soper ed., World Scientific, Singapore 1996 [hep-ph/9601359].

[50] F.A. Berends and W. Giele, The six gluon process as an example of Weyl-Van der Waerden spinor calculus, Nucl. Phys. B 294 (1987) 700;

M.L. Mangano, S.J. Parke and Z. Xu, Duality and multi-gluon scattering, Nucl. Phys. B 298 (1988) 653;

M.L. Mangano, The color structure of gluon emission, Nucl. Phys. B 309 (1988) 461.

[51] Z. Bern and D.A. Kosower, Color decomposition of one loop amplitudes in gauge theories, Nucl. Phys. B 362 (1991) 389;

Z. Bern, L.J. Dixon and D.A. Kosower, Progress in one-loop QCD computations, Ann. Rev. Nucl. Part. Sci. 46 (1996) 109–148 [hep-ph/9602280].

[52] W.L. van Neerven and J.A.M. Vermaseren, Large loop integrals, Phys. Lett. B 137 (1984) 241.

[53] Z. Xu, D.-H. Zhang and L. Chang, Helicity amplitudes for multiple bremsstrahlung in massless nonabelian gauge theories, Nucl. Phys. B 291 (1987) 392.

[54] Z. Bern and D.A. Kosower, Efficient calculation of one loop QCD amplitudes, Phys. Rev.

Lett. 66 (1991) 1669; The computation of loop amplitudes in gauge theories, Nucl. Phys. B 379 (1992) 451;

Z. Bern, A compact representation of the one loop n gluon amplitude, Phys. Lett. B 296 (1992) 85;

Z. Bern, D.C. Dunbar and T. Shimada, String based methods in perturbative gravity, Phys. Lett. B 312 (1993) 277 [hep-th/9307001];

Z. Bern and D.C. Dunbar, A mapping between feynman and string motivated one loop rules in gauge theories, Nucl. Phys. B 379 (1992) 562.

[55] D.C. Dunbar and P.S. Norridge, Calculation of graviton scattering amplitudes using string based methods, Nucl. Phys. B 433 (1995) 181 [hep-th/9408014];

D.C. Dunbar and N.W.P. Turner, Gravity and form scattering and renormalisation of gravity in six and eight dimensions, Class. and Quant. Grav. 20 (2003) 2293 [hep-th/0212160]; D.C. Dunbar, B. Julia, D. Seminara and M. Trigiante, Counterterms in type-I supergravities, JHEP 01 (2000) 046 [hep-th/9911158].

[56] G. Passarino and M.J.G. Veltman, One loop corrections for e^+e^− annihilation into μ^+μ^− in the Weinberg model, Nucl. Phys. B 160 (1979) 151.

[57] Z. Bern and G. Chalmers, Factorization in one loop gauge theory, Nucl. Phys. B 447 (1995) 465 [hep-ph/9503236].

[58] M.T. Grisaru, H.N. Pendleton and P. van Nieuwenhuizen, Supergravity and the s matrix, Phys. Rev. D 15 (1977) 996;

M.T. Grisaru and H.N. Pendleton, Some properties of scattering amplitudes in supersymmetric theories, Nucl. Phys. B 124 (1977) 81;

S.J. Parke and T.R. Taylor, Perturbative QCD utilizing extended supersymmetry, Phys. Lett. B 157 (1985) 81, erratum ibid. B174 (1986) 465.

– 29 –

[59] S.J. Parke and T.R. Taylor, An amplitude for n gluon scattering, Phys. Rev. Lett. 56 (1986) 2459;

F.A. Berends and W.T. Giele, Recursive calculations for processes with n gluons, Nucl. Phys. B 306 (1988) 759.

[60] R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of gluons, Nucl. Phys. B 715 (2005) 499 [hep-th/0412308].

[61] R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion relation in Yang-Mills theory, hep-th/0501052.

– 30 –